String theory in AdS_3 x S^3 x T^4 with mixed flux: semiclassical and
  1-loop phase in the S-matrix by Stepanchuk, A.
ar
X
iv
:1
41
2.
47
64
v3
  [
he
p-
th]
  2
0 M
ar 
20
15
Imperial-TP-AS-2014-01
String theory in AdS3 × S3 × T 4 with mixed flux:
semiclassical and 1-loop phase in the S-matrix
A. Stepanchuka,1
a The Blackett Laboratory, Imperial College, London SW7 2AZ, U.K.
Abstract
We present a semiclassical derivation of the tree-level and 1-loop dressing phases in the massive sector
of string theory on AdS3 × S3 × T 4 supplemented by R-R and NS-NS 3-form fluxes. In analogy with
the AdS5×S5 case, we use the dressing method to obtain scattering solutions for dyonic giant magnons
which allows us to determine the semiclassical bound-state S-matrix and its 1-loop correction. We also
find that the 1-loop correction to the dyonic giant magnon energy vanishes. Looking at the relation
between the bound-state picture and elementary magnons in terms of the fusion procedure we deduce
the elementary dressing phases. In both the semiclassical and 1-loop cases we find agreement with
recent proposals from finite-gap equations and unitarity cut methods. Further, we find consistency with
the finite-gap picture by determining the resolvent for the dyonic giant magnon from the semiclassical
bosonic scattering data.
1a.stepanchuk11@imperial.ac.uk
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1 Introduction
In the framework of the AdS/CFT correspondence integrability has allowed for significant progress in
understanding AdS5/CFT4, the duality between N = 4 Super-Yang-Mills and type IIB string theory on
AdS5×S5 and AdS4/CFT3, the duality between ABJM Super Chern-Simons and type IIA string theory
on AdS4×CP 3 [1]. These theories involve 32 and 24 supersymmetries respectively and a natural question
is whether we can further extend integrability techniques to similar but less (super)symmetric settings.
Recently there has been progress in this direction for AdS3/CFT2 with the maximally supersymmetric
backgrounds of AdS3×S3×T 4 and AdS3×S3×S3×S1, which preserve 16 supersymmetries. These back-
grounds can be further supplemented with Ramond-Ramond (R-R) and Neveu-Schwarz-Neveu-Schwarz
(NS-NS) 3-form fluxes.1 Physically AdS3 backgrounds are also of interest as they are related to BTZ
black hole solutions [2].
In this paper we consider string theory on AdS3 × S3 × T 4. Its type IIB supergravity solutions with
pure R-R, pure NS-NS and mixed flux arise as the near-horizon limits of the D5-D1, the NS5-NS1 and
the D5-D1 + NS5-NS1 brane systems [3]. These R-R and NS-NS solutions are related by S-duality and,
in particular, we can obtain the mixed flux background by applying S-duality to either the pure R-R or
the pure NS-NS solution. Thus, string theory on the mixed flux background also provides an important
model to study the non-perturbative S-duality.
In the pure NS-NS theory the free string spectrum can be found using a chiral decomposition of its
formulation as a supersymmetric extension of an SL(2, R)×SU(2) WZW model [4]. In the pure R-R case
there is no equivalent of this technique. Instead the exact spectrum is believed to be described in terms
of an integrability-based approach in analogy to the AdS5 × S5 case [5, 6, 7, 8, 9, 10, 11, 12]. However,
the mixed flux theory connects these seemingly distinct cases. Its R-R and NS-NS 3-form fluxes are given
1All other fluxes are zero and the dilaton is constant.
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by (choosing unit curvature radii)
F = κ
(
vol(AdS3) + vol(S
3)
)
, H = q
(
vol(AdS3) + vol(S
3)
)
. (1.1)
with their coefficients related by the supergravity equations as
q2 + κ2 = 1. (1.2)
This provides us with an interpolating theory between the pure NS-NS theory at q = 0 and the pure
R-R theory at q = 1. Therefore, solving for the spectrum in the mixed flux case should improve our un-
derstanding of the connection between the world-sheet CFT methods and the integrability-based approach.
At the classical level integrability of a theory can be established by finding a Lax representation for
its equations of motion. The Lax connection is then associated with a monodromy matrix which gener-
ates an infinite tower of conserved quantities of the integrable field theory. Such a Lax construction has
been achieved for string σ-models on semi-symmetric coset spaces such as AdS5×S5 [13], as well as R-R
flux supported backgrounds including AdS4 × CP 3 [14] and the above maximally supersymmetric AdS3
backgrounds [5, 15] with their supercosets
AdS3 × S3 ≃ PSU(1, 1|2) × PSU(1, 1|2)
SU(1, 1) × SU(2) , AdS3 × S
3 × S3 ≃ D(2, 1;α) ×D(2, 1;α)
SU(1, 1) × SU(2)× SU(2) . (1.3)
In the mixed flux theory classical integrability and UV finiteness have been shown by supplementing this
construction with an additional Wess-Zumino (WZ) term for the NS-NS flux in the action [5, 16]. This
integrability is also expected to extend to the quantum level, leading to the possibility of determining the
exact string spectrum using a thermodynamic Bethe ansatz (TBA) and improving our understanding of
the corresponding CFT dual. For a general review on integrability in AdS3/CFT2 also see [17].
An essential ingredient in solving for the string spectrum using integrability methods is the two-particle
S-matrix for the scattering of fundamental world-sheet excitations. In an integrable theory this S-matrix
is constrained, up to overall scalar factors - the dressing phases, by the Yang-Baxter equation (YBE).
However, while in AdS5/CFT4 and AdS4/CFT3 all world-sheet excitations are massive, a novel feature
of AdS3/CFT2 is the presence of additional massless excitations from the T
4 and S1 directions. Incorpo-
rating these massless modes into the well established integrability framework has posed some challenges.
In particular, their relativistic treatment requires a more abstract notion of an S-matrix [18]. Recently
there has been progress in resolving this issue by treating massless and massive modes in a common
non-relativistic integrability framework and the complete world-sheet S-matrix has been obtained in the
case of AdS3 × S3 × T 4 with mixed flux [11, 12, 19, 20].
In this paper we are interested in the dressing phase for the massive sector of the mixed flux theory.
Originally in the case of AdS5 × S5 the semiclassical (AFS) and 1-loop (HL) dressing phases were estab-
lished using a Bethe ansatz in [21, 22]. They were reproduced from a first-principle semiclassical soliton
quantisation approach for giant magnon solutions in [23, 24] and later in [25] also the all-loop (BES)
dressing phase was found.
Also in the case of AdS3 × S3 × T 4 without flux these dressing phase factors have been established
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at tree-level and 1-loop orders using semiclassical methods in [26, 27, 28] and an all-loop proposal was
given in [10] by solving the crossing equations satisfied by the dressing phase [9, 11, 12]. In [27] the 1-loop
phase was further constrained in the pure R-R case by considering quantum corrections to spinning strings.
In the massive sector of AdS3 × S3 × T 4 with mixed flux results for the semiclassical and 1-loop phases
have been obtained using the approach of finite-gap equations and algebraic curve quantisation in [29] and
matching conjectures for the 1-loop phases have also been proposed using unitarity cut based methods in
[30]. For the semiclassical phase the proposal in [29] relies on the assumption that the dressing phase for
the scattering of same-type excitations remains unchanged when switching on the flux and therefore is
given by the usual AFS expression [21]. In order to test this assumption and to provide an independent
check of these results we exploit the additional information coming from the scattering of mixed-flux
dyonic giant magnons and plane waves to derive the semiclassical and 1-loop phases, as was done in the
cases of AdS5 × S5 in [23, 24] and for AdS3 × S3 in [26].
In string theory on AdS3 × S3 × T 4 with mixed 3-form flux dyonic giant magnons are classical soliton
solutions moving on the R× S3 subspace with the dispersion relation [31, 32, 33]
ε ≡ E − J1 =
√
(J ± qhp)2 + 4h2κ2 sin2 p
2
, κ =
√
1− q2, E, J1 →∞, (1.4)
where q ∈ (0, 1) is the coefficient of the NS-NS flux, (J1, J) are two angular momenta and the world-sheet
momentum p is related to the effective kink-charge corresponding to the opening angle between the end-
points of the string along a circle of S3.
The parameter h denotes the string tension in the semiclassical limit, i.e. the ’t Hooft coupling λ is
large with h given by
h =
√
λ
2π
=
R2
2πα′
, (1.5)
where R is the curvature radius of AdS3 and S
3. This relation could receive corrections in 1/
√
λ as in the
case of AdS4 × CP 3 [34]. In the action h appears in the coefficient hq/2 of the WZ term for the NS-NS
flux and as such the combination
2πhq = q
√
λ (1.6)
is the quantised WZ level.
In the quantum theory soliton solutions are associated to asymptotic states. Their dispersion relation
and S-matrix S(p1, p2) = exp(iΘ(p1, p2)) have the semiclassical expansion, i.e. h≫ 1,
E(p) = hEcl(p) + ∆E(p) +O
(1
h
)
, (1.7)
Θ(p1, p2) = hΘcl(p1, p2) + ∆Θ(p1, p2) +O
(1
h
)
. (1.8)
For classical scattering, integrability implies that such soliton solutions experience only an overall time-
delay, ∆T , relative to free propagation. This time-delay is related to the leading order S-matrix by the
4
WKB approximation [35]
Θcl(p1, p2) =
1
h
∫ E(p1)
Eth
dE1∆T (E1, E2;J1, J2) (1.9)
where Eth = E1|p1=0. For dyonic giant magnon solitons the semiclassical limit corresponds to
h→∞, J
h
fixed, p fixed, (1.10)
with associated bound states in the quantum theory such that their dispersion relation has the same form
(1.4) as the classical solution
Ecl =
1
h
ε =
√(J
h
± qp
)2
+ 4κ2 sin2
p
2
. (1.11)
Further the 1-loop corrections were obtained for an integrable field theory in [24]
∆E(p) =
1
2π
NF∑
I=1
(−1)FI
∫ ∞
−∞
dk
∂δI(k; p)
∂k
ω(k) (1.12)
∆Θ(p1, p2) =
1
2π
NF∑
I=1
(−1)FI
∫ ∞
−∞
dk
∂δI(k; p1)
∂k
δI(k; p2). (1.13)
where the δI(k; p) are the phase shifts for plane waves of momentum k scattering off classical soliton
solutions of momentum p. These plane waves have the dispersion relation ω(k) and they represent small
fluctuations around the soliton solution labelled by the index I = 1, .., NF , with (−1)FI = 1 for bosnonic
and (−1)FI = −1 for fermionic fields.
For an integrable theory the resulting bound-state S-matrix corresponds to the fusion of S-matrices for
the scattering of elementary constituents [36]. This will allow us to obtain the elementary semiclassical
and 1-loop phases from the above dyonic giant magnon bound-state picture. To evaluate the above ex-
pressions we first need to find the time-delay for dyonic giant magnon scattering and the phase shifts
for plane wave scattering off dyonic giant magnons. Both can be obtained by constructing multi-soliton
scattering solutions using the dressing method [37].
In section 2 we extend this method to the case of mixed flux and as a consitency check we reproduce
the mixed-flux dyonic giant magnon by dressing the BMN solution. Applying the dressing method again
we find the scattering solution for two dyonic giant magnons from which we extract the time-delay. In
general such classical solutions on R × S3 are related to soliton solutions of the Complex sine-Gordon
(CsG) model via Pohlmeyer reduction [38] (for q 6= 0 also see [19]). Scattering solutions in the CsG model
can then be obtained using Bäcklund transformations and for q = 0 the soliton for the scattering of two
dyonic giant magnons is known explicitly. In appendix A we generalise this soliton to q 6= 0 and we find
the time-delay from the CsG picture as an independent check for our result.
In section 3 we determine the bound-state S-matrix using the WKB formula (1.9). The bound-state
S-matrix includes contributions from the fusion of the elementary dressing (AFS) phase as well as the
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BDS factors and its equivalent for mixed excitation scattering. Eliminating the latter and using argu-
ments relating to the functional form of the resulting AFS contribution we arrive at the dressing phase
for elementary excitations.
In section 4 we turn our attention to the 1-loop corrections (1.12) and (1.13). Using the generalised
dressing method we determine the bosonic phase shifts experienced by small fluctuations when scattering
off dyonic giant magnons in AdS3 × S3. We do not consider directions along T 4 as we are interested in
the massive sector only.
We then establish the fermionic phase shifts as well as the explicit form of the dyonic giant magnon
as a finite-gap solution by considering the connection between bosonic phase shifts and finite-gap equa-
tions. This also serves as an additional check for the finite-gap picture obtained in [29]. Finally in section
4.3 we use this scattering data to evaluate the 1-loop correction to the bound-state S-matrix. Following
similar arguments as in the leading order case we find the 1-loop elementary dressing phases which agree
with [29, 30] in the semiclssical limit (h→∞,hp = fixed). We also find that the 1-loop energy shift (1.12)
vanishes.
2 Dressing method for solutions on R× S3 with NS-NS flux
In this section we extend the dressing method [39] for solutions on R×S3 to the q 6= 0 case and applying
this method to the BMN solution we reproduce the mixed-flux dyonic giant magnon. In our analysis we
closely follow [37]. We then apply the dressing method to the dyonic giant magnon to find the explicit
scattering solution for two dyonic giant magnons from which we read off the time-delay.
In conformal gauge the string action is equivalent to a principal chiral model with a Wess-Zumino term
with a coefficient q ∈ (0, 1)
S = −h
2
[ ∫
d2σ 12tr(J+J−)− q
∫
d3σ 13ε
abctr(JaJbJc)
]
, Ja = g
−1∂ag , (2.1)
where h =
√
λ
2pi is the string tension, g ∈ SU(2) and σ± = 12(τ ±σ), ∂± = ∂τ ±∂σ. The equations of motion
∂±J˜∓ ± 1
2
[J˜+, J˜−] = 0, J˜± = (1± q)J± (2.2)
can be rephrased as the compatibility condition of the Lax pair equations
∂±Ψ(σ+, σ−;λ) = Ψ(σ+, σ−;λ)A
(λ)
± (2.3)
where λ is the spectral parameter and
A
(λ)
± =
1
1± λ J˜± =
1± q
1± λJ±. (2.4)
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We shall also impose unitarity
Ψ†(λ¯)Ψ(λ) = 1. (2.5)
Given a solution Ψ(λ) to the linear system (2.3) we can obtain a solution to the equations of motion (2.2)
by taking g = Ψ(q). Conversely given a solution g to the equations of motion we can solve the linear
system for Ψ(λ) such that Ψ(q) = g.
Starting with a given solution Ψ we can perform a λ-dependent gauge transformation to obtain a new
solution
Ψ→ Ψ′ = Ψχ (2.6)
A± → A′± = χ−1A±χ+ χ−1∂±χ. (2.7)
Here we need to choose χ(λ) such that the transformed SU(2) current
J
′
± = χ
−1
J±χ+
1± λ
1± q χ
−1∂±χ (2.8)
is independent of λ. This can be done by requiring that χ is a meromorphic function with χ → 1 as
λ→∞. The simplest choice is then a single pole at λ = λ1. The unitarity condition (2.5) then requires
χ†(λ¯)χ(λ) = 1 (2.9)
which fixes χ to be of the form
χ = 1 +
λ1 − λ¯1
λ− λ1 P (2.10)
where P is a nilpotent hermitian operator, i.e. P = P 2 = P †. Finally it remains to choose P such
that J′± has no poles at λ = λ1. This is achieved by choosing P such that its image is spanned by
{Ψ−1(λ1)e1,Ψ−1(λ1)e2, ...} where ei are arbitrary constant vectors. For our purposes P shall have rank
1 and is explicitly given by
P =
Ψ−1(λ1)ee†Ψ(λ¯1)
e†Ψ(λ¯1)Ψ−1(λ1)e
. (2.11)
The resulting dressing factor χ has the determinant
detχ =
λ− λ¯1
λ− λ1 (2.12)
and the dressed solution is given by
gdressed =
√
λ1 − q
λ¯1 − q
Ψ(q)χ(q) (2.13)
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where the normalisation factor ensures that g ∈ SU(2).
2.1 Scattering solution and time-delay
Using this method let us now derive the q 6= 0 dyonic giant magnon solution by dressing up the BMN
solution
Z1 = e
it, Z2 = 0. (2.14)
Parametrising SU(2) in terms of the embedding coordinates as
g =
(
Z1 Z2
−Z∗2 Z∗1
)
, |Z1|2 + |Z2|2 = 1 (2.15)
we have for the BMN solution
g =
(
ei(σ
++σ−) 0
0 e−i(σ++σ−)
)
, Ψ(λ) =
(
eiZ(λ) 0
0 e−iZ(λ)
)
, (2.16)
Z(λ) =
1 + q
1 + λ
σ+ +
1− q
1− λσ
−. (2.17)
Since the projection operator P does not depend on the scale of e we can parametrise e as
e = (c, 1/c), c ∈ C∗. (2.18)
Furthermore w only enters P in
Ψ−1(λ1)e =
(
c eiZ(λ1)
c−1e−iZ(λ1)
)
(2.19)
allowing us to absorb c by shifting Z(λ1) → Z(λ1) + i log c which corresponds to a shift in (σ+, σ−).
Therefore we can set c = 1 without loss of generality. The projector P is then given by
P =
1
1 + e2i(Z(λ1)−Z(λ¯1))
(
1 e−2iZ(λ¯1)
e2iZ(λ1) e2i(Z(λ1)−Z(λ¯1))
)
(2.20)
and the dressed solution takes the form
Z1 =
eit
|λ˜1|
λ˜1e
2iZ(λ1) + ˜¯λ1e
2iZ(λ¯1)
e2iZ(λ1) + e2iZ(λ¯1)
, Z2 =
e−it
|λ˜1|
i(λ˜1 − ˜¯λ1)
e2iZ(λ1) + e2iZ(λ¯1)
. (2.21)
8
where λ˜1 = λ1 − q, ˜¯λ1 = λ¯1 − q. This is the q 6= 0 dyonic giant magnon solution which we can see by
parametrising λ1 as
λ1 = q + re
ip/2 (2.22)
and introducing the world-sheet coordinates
u = i(Z(λ1)− Z(λ¯1)), v = t+ qx− (Z(λ1) + Z(λ¯1)). (2.23)
Equivalently we can parametrise these coordinates in terms of a rapidity θ and a parameter ρ as
u = cos ρ(X + qT ), v = sin ρ(T + qX ), (2.24)
X = x cosh θ − t sinh θ, T = t cosh θ − x sinh θ. (2.25)
These dyonic giant magnon soliton parameters θ and ρ are related to q, r and p as
tanh θ = 2
q + r cos p2
1 + r2 + q2 + 2qr cos p2
, cot ρ =
2r sin p2
r2 − 1 + q2 + 2qr cos p2
(2.26)
tan
p
2
=
cos ρ
sinh θ − q cosh θ + q sin ρ (2.27)
and we can solve these relations explicitly for r giving
r2 =
cosh θ + sin ρ− 2q sinh θ
cosh θ − sin ρ + q
2. (2.28)
In terms of the energy E, angular momentum J and the world-sheet momentum p this becomes
r =
E ±M∓
2h sin p2
, M± = J ± qhp (2.29)
where the sign distinguishes left and right movers. The solution (2.21) then takes the standard q 6= 0
dyonic giant magnon form
Z1 = e
it(cos
p
2
+ i sin
p
2
tanhu), Z2 = sin
p
2
ei(v−qx) sech u. (2.30)
Applying the dressing method a second time gives the scattering solution of two magnons
Z1 =
eit
2|λ˜1||λ˜2|
R+ |λ˜1|2λ11¯λ22¯e−i(v1−v2) + |λ˜2|2λ11¯λ22¯ei(v1−v2)
λ12λ1¯2¯ cosh(u1 + u2) + λ12¯λ1¯2 cosh(u1 − u2) + λ11¯λ22¯ cos(v1 − v2)
(2.31)
Z2 =
e−iqx
2|λ˜1||λ˜2|
λ1¯1e
iv1(λ1¯2¯λ12¯λ˜2e
u2 + λ12λ1¯2
¯˜λ2e
−u2) + λ2¯2eiv2(λ2¯1¯λ21¯λ˜1eu1 + λ21λ2¯1
¯˜λ1e
−u1)
λ1¯2¯λ12 cosh(u1 + u2) + λ1¯2λ12¯ cosh(u1 − u2) + λ1¯1λ2¯2 cos(v1 − v2)
(2.32)
R = λ12λ1¯2¯(λ˜1λ˜2e
u1+u2 + ¯˜λ1
¯˜λ2e
−u1−u2) + λ1¯2λ12¯(λ˜1
¯˜λ2e
u1−u2 + ¯˜λ1λ˜2e−u1+u2) (2.33)
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where
λij = λi − λj, λi¯ = λ¯i. (2.34)
In terms of the familiar coordinates (2.24) this solution takes the form
Z1 = e
it [cos(v1 − v2) cosh ρ+ i sin(v1 − v2) sinh ρ] sin p12 sin p22 sechu1 sech u2 +R+ iI
sin p12 sin
p2
2 [cos(v1 − v2) sech u1 sechu2 + tanhu1 tanhu2] + cos p12 cos p22 − cosh ρ
(2.35)
Z2 = e
−iqx V1 + V2
sin p12 sin
p2
2 [cos(v1 − v2) sech u1 sechu2 + tanhu1 tanhu2] + cos p12 cos p22 − cosh ρ
(2.36)
R = cos2
p1
2
+ cos2
p2
2
− cosh ρ cos p1
2
cos
p2
2
− 1 (2.37)
I = tanhu1 sin
p1
2
(
cos
p1
2
− cosh ρ cos p2
2
)
+ tanhu2 sin
p2
2
(
cos
p2
2
− cosh ρ cos p1
2
)
(2.38)
V1 = e
iv1 sin
p1
2
sech u1
[
i
(
cosh ρ cos
p2
2
− cos p1
2
)
+ sinh ρ sin
p2
2
tanhu2
]
(2.39)
V2 = e
iv2 sin
p2
2
sech u2
[
i
(
cosh ρ cos
p1
2
− cos p2
2
)
− sinh ρ sin p1
2
tanhu1
]
(2.40)
ρ = ln
r2
r1
. (2.41)
We can extract the time delay by comparing the scattering solution to a freely propagating giant magnon
as t→ ±∞. The velocity of a single free propagating giant magnon is given by
vs =
1
h
dE
dp
=
v − q
1− qv =
sinh θ − q cosh θ
cosh θ − q sinh θ . (2.42)
Taking x = vst and t→ +∞ the freely propagating soliton phase shifted by δt+ has the asymptotic form
Z
(1)
1 = e
i(t−δt+)
(
cos
p1
2
+ i sin
p1
2
tanh
[
cos ρ1(sinh θ1 − q cosh θ1)δt+
])
, Z
(2)
1 = e
i(t−δt++p2/2) (2.43)
Z
(1)
2 = e
i(v1−qvs1t) sin
p1
2
sech
[
cos ρ1(sinh θ1 − q cosh θ1)δt+
]
, Z
(2)
2 = 0 (2.44)
whereas the scattering solution asymptotes to
Z
(s)
1 = e
it e
i
p2
2 (cos p22 − cos p12 cosh ρ)− sin2 p12
cos p12 cos
p2
2 − cosh ρ
⇒ |Z(s)1 |2 = cos2
p1
2
+
sin4 p12 cos
2 p2
2
(cosh ρ− cos p12 cos p22 )2
. (2.45)
In the COM frame (
∑
cos ρi(sinh θi− q cosh θi) = 0) both solitons experience the same time delay giving
in total
∆T = 2δt+ =
1
(sinh θ1 − q cosh θ1) cos ρ1
∣∣∣ ln cosh(θ1 − θ2)− cos(ρ1 − ρ2)
cosh(θ1 − θ2) + cos(ρ1 + ρ2)
∣∣∣. (2.46)
For q = 0 this reduces to the standard expression for the time-delay due to the collison of two solitons in
the CsG model [40].
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3 Semiclassical bound-state S-matrix
In order to evaluate the semiclassical bound-state S-matrix
Θ(p1, p2) =
∫ p1
0
dp′1
dE
dp
(p′1)∆T (p
′
1, p2) (3.1)
let us rewrite the above time-delay expression (2.46) in terms of the momentum pi, angular momentum
Ji and energy Ei of the associated individual dyonic giant magnons. In terms of the soliton parameters
θi and ρi these charges are given by [31]
2
El =
√
M2 + 4h2(1− q2) sin2 p
2
, Ml ≡ J + qlhp, Ml = −2lh sin p
2
(tan ρ sin
p
2
− q cos p
2
) (3.2)
sinh θ =
m+ q
√
m2 + 1√
1− q2 , cosh θ =
qm+
√
m2 + 1√
1− q2 , m =
1√
1− q2
( cos ρ
tan p2
− q sin ρ
)
(3.3)
cosh(θ1 − θ2) =
√
m21 + 1
√
m22 + 1−m1m2 (3.4)
where l = ±1 represents left and right movers which are related by sending J → −J . The time delay
becomes
∆Tl1l2 = Cl1Ll1l2 Cl1 =
4h2 sin4 p12 + (M1 − qhl1 sin p1)2
2 sin2 p12 (2h
2κ2 cos p12 sin
p1
2 + qhl1M1)
(3.5)
Ll1l2 =
∣∣∣ ln E1E2 − h2κ2 sin p1 sin p2 − 4h2κ2 sin2 p12 sin2 p22 − l1l2M1M2
E1E2 − h2κ2 sin p1 sin p2 + 4h2κ2 sin2 p12 sin2 p22 − l1l2M1M2
∣∣∣. (3.6)
We can further simplify (3.1) by transforming the integral over energy into a contour integral over the
dyonic spectral parameters
X±(p) =
e±ip/2
2hκ sin p2
[
E(p) +M(p)
]
, κ =
√
1− q2 (3.7)
which for J = 1 reduce to the usual spectral parameters x± corresponding to fundamental magnon
excitations and which satisfy
X+ +
1
X+
−
(
X− +
1
X−
)
=
2i
hκ
M,
X+
X−
= eip (3.8)
X+ − 1
X+
−
(
X− − 1
X−
)
=
2i
hκ
E. (3.9)
2For the relation between (Ei, Ji) and the currents J± also see section 2.2 of [31].
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In terms of these variables the time delay can be written as
Cl1 = i
(1 +X+X−)2 − (κ(X+ +X−)− l1q(1−X+X−))2
κ(X+ −X−)(κ(X+ +X−)− l1q(1−X+X−)) , (3.10)
Ll1l2 = −


ln X
−−Y −
X+−Y −
X+−Y +
X−−Y + , l1l2 = 1
ln
(
1− 1
X+Y −
)(
1− 1
X−Y +
)
(
1− 1
X+Y +
)(
1− 1
X−Y −
) , l1l2 = −1. (3.11)
Noting the identity
dE1
dp1
Cl1 =
dX±
dp1
hκ
1− (X±)2 + 2l1 qκX±
(X±)2
(3.12)
we can split the integral in (3.1) into two separate integrals over X+ and X− respectively giving
1
hκ
Θ(X,Y ) = I(X+, Y +)− I(X+, Y −) + I(X−, Y −)− I(X−, Y +) (3.13)
I(X±, Y ) =
∫ X±(p1)
X±(0)
dz
1− z2 + 2 ql1κ z
z2


− ln(z − Y ), l1l2 = 1
ln
(
1− 1zY
)
, l1l2 = −1
(3.14)
where for l1l2 = 1 the integral evaluates to
I(X,Y ) = −X + 1
Y
lnX −
[
Y +
1
Y
−
(
X +
1
X
)
+ 2l1
q
κ
ln
X
Y
]
ln(X − Y ) (3.15)
− 2l1 q
κ
Li2
(
1− X
Y
)
− I
∣∣∣
p1=0
(3.16)
and for l1l2 = −1 we have
I¯(X,Y ) =
1
X
− lnY
Y
+
lnX
Y
+
[
Y +
1
Y
− (X + 1
X
)
]
ln
(
1− 1
XY
)
(3.17)
+ 2l1
q
κ
Li2
( 1
XY
)
− I
∣∣∣
p1=0
. (3.18)
The last term I|p1=0 in these integrals corresponds to an infinite contribution from the integral at p1 = 0.
These infinite contributions arise from the way we chose to split the integral and they cancel in the sum
I(X+, Y )− I(X−, Y ).
We can therefore write the bound-state scattering matrix for l1l2 = 1 as
Θ(X,Y ) = hκ
[
K(X+, Y +) +K(X−, Y −)−K(X+, Y −)−K(X−, Y +)
]
+ p1(E2 − J2) (3.19)
K(X,Y ) = −
[
Y +
1
Y
−
(
X +
1
X
)
+ 2l1
q
κ
ln
X
Y
]
ln(X − Y )− 2l1 q
κ
Li2
(
1− X
Y
)
+ l1
q
κ
lnX lnY (3.20)
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and for l1l2 = −1 as
Θ¯(X,Y ) = hκ
[
K¯(X+, Y +) + K¯(X−, Y −)− K¯(X+, Y −)− K¯(X−, Y +)
]
+ p1(E2 − J2) (3.21)
K¯(X,Y ) =
[
Y +
1
Y
− (X + 1
X
)
]
ln
(
1− 1
XY
)
+ 2l1
q
κ
Li2
( 1
XY
)
− l1 q
κ
lnX lnY. (3.22)
Here the terms proportional to p1 are gauge terms originating from the choice of conformal gauge (for
details see [32]). The remaining part of the S-matrix contains another such contribution from the terms
of lnX lnY . However the gauge term is uniquely fixed by imposing that the S-matrix without the gauge
term is antisymmetric under the exchange X ↔ Y and l1 ↔ l2 as required by unitarity.
3.1 Dressing phases for elementary excitations
In order to obtain the elementary dressing phases we need to eliminate the bound-state contributions
in the S-matrix coming from the BDS factor for same-type excitations and the equivalent factor for
mixed-type excitations [20]
sBDS(x, y) =
x+ − y−
x− − y+
1− 1
x+y−
1− 1x−y+
, smix(x, y) =
1− 1
x−y+
1− 1x−y−
1− 1
x+y−
1− 1x+y+
. (3.23)
Integrability allows us to fuse together these elementary factors into their bound-state contributions
S =
J1∏
j1=1
J2∏
j2=1
s(x+j1 , x
−
j1
; y+j2 , y
−
j2
) (3.24)
where xj1 , yj2 are the spectral parameters of the constituents satisfying the shortening conditions
x+j1 +
1
x+j1
− 2lX q
κ
lnx+j1 −
(
x−j1 +
1
x−j1
− 2lX q
κ
lnx−j1
)
=
2i
hκ
, lX = ±1, j1 = 1, .., J1 − 1 (3.25)
y+j2 +
1
y+j2
− 2lY q
κ
ln y+j2 −
(
y−j2 +
1
y−j2
− 2lY q
κ
ln y−j2
)
=
2i
hκ
, lY = ±1, j2 = 1, .., J2 − 1 (3.26)
and the pole conditions for the formation of the J1 and J2 bound states
x−j1 = x
+
j1+1
, j1 = 1, .., J1 − 1 (3.27)
y−j2 = y
+
j2+1
, j2 = 1, .., J2 − 1. (3.28)
The bound-state spectral parameters are then identified as
X+ = x+1 , X
− = x−J1 , Y
+ = y+1 , Y
− = y−J2 . (3.29)
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Let us first compute the semiclassical bound-state contribution for the BDS factor. Splitting off the
j1 = 1, j2 = 1, j1 = J1 and j2 = J2 terms in the product (3.24) we get
SBDS =exp(iΘBDS) (3.30)
iΘBDS = ln
X+ − Y −
X− − Y +
1− 1
X+Y −
1− 1X−Y +
+
J2−1∑
j2=1
ln
X+ − y−j2
X− − y+j2
1− 1
X+y−j2
1− 1
X−y+j2
+
J1∑
j1=2
ln
x+j1 − Y −
x−j1 − Y +
1− 1
x+j1
Y −
1− 1
x−j1
Y +
. (3.31)
Taking the semiclassical dyonic giant magnon limit h → ∞, J ∼ h the sums transform into integrals
giving
iΘBDS =h
∫ J2/h
0
dj ln
X+ − y−(j)
X− − y+(j)
1− 1X+y−(j)
1− 1X−y+(j)
+ h
∫ J1/h
0
dj ln
x+(j)− Y −
x−(j)− Y +
1− 1x+(j)Y −
1− 1x−(j)Y +
+O(1).
In the semiclassical limit the shortening condition of the constituents and the pole condition combined
give
x−(j) +
1
x−(j)
− 2l1 q
κ
lnx−(j) = X+ +
1
X+
− 2l1 q
κ
lnX+ − 2i
κ
j (3.32)
y−(j) +
1
y−(j)
− 2l2 q
κ
ln y−(j) = Y + +
1
Y +
− 2l2 q
κ
lnY + − 2i
κ
j (3.33)
where j ∼ h has been rescaled by h. This allows us to rewrite the BDS contribution in terms of contour
integrals over the spectral parameters as
ΘBDS =
hκ
2
∫ Y −
Y +
dz
(
1− 1
z2
− 2l2 q
κ
1
z
)
ln
X+ − z
X− − z
1− 1X+z
1− 1
X−z
(3.34)
+
hκ
2
∫ X−
X+
dz
(
1− 1
z2
− 2l1 q
κ
1
z
)
ln
z − Y −
z − Y +
1− 1zY −
1− 1
zY +
+O(1). (3.35)
Performing these integrals we obtain the bound-state BDS contribution
ΘBDS = hκ
[
kˆ(X−, Y −)− kˆ(X+, Y −)− kˆ(X−, Y +) + kˆ(X+, Y +)]+O(1) (3.36)
kˆ(X,Y ) =
[
X +
1
X
−
(
Y +
1
Y
)]
ln
[
(X − Y )
(
1− 1
XY
)]
(3.37)
− 2l1 q
κ
ln
X
Y
ln(X − Y )− l1 q
κ
(
2Li2
(
1− X
Y
)
− lnX lnY
)
. (3.38)
For q = 0 this agrees with the BDS contribution in the case of AdS5 × S5 given in [23] (see equation
(34)). Performing this fusion procedure on the factor (3.23) for mixed-type magnon scattering one finds
that the integrals cancel at the linear order in h, i.e.
Θmix ∼ O(1). (3.39)
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Subtracting these contributions from the bound-state S-matrix (3.22) we are left with
ΘAFS(X,Y ) = hκ
[
χ(X+, Y +)− χ(X+, Y −)− χ(X−, Y +) + χ(X−, Y −)
]
(3.40)
Θ¯(X,Y ) = hκ
[
χ¯(X+, Y +)− χ¯(X+, Y −)− χ¯(X−, Y +) + χ¯(X−, Y −)
]
(3.41)
χ(x, y) =
(
y +
1
y
− x− 1
x
)
ln
(
1− 1
xy
)
(3.42)
χ¯(x, y) =
(
y +
1
y
− x− 1
x
)
ln
(
1− 1
xy
)
+ l1
q√
1− q2
(
2Li2
( 1
xy
)
− lnx ln y
)
(3.43)
where ΘAFS is the contribution for same-type magnons (X, Y with lX = lY ) and Θ¯ is the contribution
for mixed-type magnons (X, Y with lX = −lY ).
These bound-state AFS and mixed scattering contributions are related to the tree-level elementary dress-
ing phases by the fusion procedure. However, since both the elementary dressing phases and the associated
bound-state contributions are of the same leading order in h, the fusion procedure results in the same
functional form for the bound-state result as for the elementary phases3. Therefore we can deduce that
the elementary dressing phase must have the functional form of the associated bound-state contribution
(3.40)-(3.43) in agreement with the prediction in [29].
4 One-loop corrections
In this part of the paper we will determine the 1-loop corrections to the dispersion relation and the soliton
S-matrix (1.12)-(1.13). The involved phase shifts vanish for fluctuations on the AdS3 and T
4 parts since
we are only considering the dyonic giant magnon which moves in the R×S3 subspace of AdS3×S3×T 4.
In order to find the phase shifts for fluctuations on S3 we will use the dressing method which allows us to
obtain multi-soliton scattering solutions. Identifying the limit in which one of these dyonic giant magnon
solitons reduces to a plane wave we obtain a solution for a plane wave scattering off multiple dyonic giant
magnons. From the asymptotic behaviour of this solution at x→ ±∞ we then find the associated bosonic
phase shifts.
The dressing method only covers bosonic phase shifts, however in the formulation of classical solutions
in terms of the finite-gap picture fermionic and bosonic fluctuations are closely related. Exploiting this
relation we will see in section 4.2 how the information coming from the bosonic phase shifts is already
sufficient to determine the fermionic phase shifts as well as the exact form of the dyonic giant magnon
solution in the finite-gap picture. In section 4.3 we use this semiclassical scattering data to evaluate the
1-loop bound-state corrections (1.12)-(1.13) and we deduce the 1-loop corrections for the scattering of
3This is because any sum of elementary factors contributes an order of O(h). However all such contributions must cancel
for the bound-state and elementary phase to be of the same leading order O(h). For q = 0 this is apparent from the
particular form of the elementary dressing phase
θ(x, y) = f(x+, y+)− f(x+, y−)− f(x−, y+) + f(x−, y−) (3.44)
which fused into the bound-state contribution Θ has the same functional form
Θ(X,Y ) = f(X+, Y +)− f(X+, Y −)− f(X−, Y +) + f(X−, Y −). (3.45)
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elementary excitations.
4.1 Phase shifts for bosonic fluctuations
Let us first relate the plane wave solutions to the dyonic giant magnon. In order to obtain a plane wave
solution to the linearised equations of motion we take the semiclassical limit
h→∞, k ≡ hp fixed, J fixed. (4.1)
In this plane wave limit the spectral parameters have the expansion
X± ∼ w +O
(1
h
)
, w =
r
κ
, r =
1
k
[
J + qlk + ε(k)
]
(4.2)
with the dispersion relation
ε(k) =
√
(k + qlJ)2 + κ2J2. (4.3)
In the large momentum limit the spectral parameter reduces to
wl → s±l, k → ±∞, s =
√
1 + q√
1− q . (4.4)
Expanding the dyonic giant magnon solution in the limit (4.1) we obtain a plane wave
δZ1 = Z1 − ZBMN1 ∼ 0 (4.5)
δZ2 = Z2 − ZBMN2 ∼ sin
p
2
ei(v−qx) = sin
p
2
exp
(
− iε(k)t− kx
Jl
)
(4.6)
Since we are interested in the phase shifts for an elementary plane wave we take from now on J = 1. Let
us further parametrise its frequency ω and momentum k in terms of the spectral parameter w as
ω =
√
(k + ql)2 + κ2 =
1− q2 + r2
(r + 1− lq)(r − (1 + lq)) =
κ(1 + w2l )
(wl + s−l)(wl − sl) , (4.7)
k =
2r
(r + 1− lq)(r − (1 + lq)) =
2wl
κ(wl + s−l)(wl − sl) . (4.8)
This dispersion relation corresponds to two separate plane waves with l = ±1 representing left or right
movers. In the following derivation of the phase shifts we will only consider l = −1 plane waves and
dyonic giant magnons for simplicity. In order to generalise these to arbitrary combinations of left and
right moving plane waves and dyonic giant magnons we can simply send J → −J . In terms of the dyonic
giant magnon spectral parameters X±l this corresponds to the transformation
X±− →
1
X∓+
(4.9)
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For plane waves we have x+ ∼ x− ∼ w and this transformation reduces to
w− → 1
w+
. (4.10)
Using the dressing method we can now calculate the phase shift of a plane wave scattering off an N -soliton
solution. For this we construct the asymptotic form of the N -soliton solution and take the plane wave
limit in the N + 1 dressing step. The recursive dressing relation is
gN =
√
λN − q
λ¯N − q
ΨN−1(q)
(
1 +
λN − λ¯N
q − λN P
)
. (4.11)
Identifying
λN = q + rNe
ipN/2, λ¯N = q + rNe
−ipN/2, ΨN (q) = gN (4.12)
we obtain
gN = gN−1
(
eipN/2 − 2i sin pN
2
PN−1
)
. (4.13)
Expanding this expression in the plane wave limit (in small η = x+ − x− = 2ir sin p2) gives the phase
shifts
δg = gN+1 − gN = gN
(
eip/2 − 2i sin p
2
PN − 1
)
∼ i sin p
2
(
gN (1− 2PN+1)|η=0,x→±∞
)
. (4.14)
We now need to determine the N -soliton solution gN and the projector PN in the plane wave limit using
the dressing transformation
ΨN (λ) = ΨN−1(λ)χN (λ), χN (λ) = 1 +
λN − λ¯N
λ− λN PN . (4.15)
First let us show that the asymptotic form of the projector (without taking the plane wave limit) is
Pi|x→+∞=
(
0 0
0 1
)
, Pi|x→−∞=
(
1 0
0 0
)
. (4.16)
We can establish this by induction. Starting with the projector P1 for the giant magnon
P1 =
1
2
sechu
(
e−u ei(v−t−qx)
e−i(v−t−qx) eu
)
(4.17)
we obtain the above asymptotic behaviour as u → ±∞. Assuming this also holds for all the projectors
up to PN we can construct the next projector PN+1 by applying the dressing transformation using the
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above asymptotic form. The dressing transformation (4.15) becomes
ΨN = e
iP/2Ψ0
N∏
k=1
χk(λ), P =
N∑
k=1
pk, A(λ) =
N∏
k=1
λ− λ¯k
λ− λk , (4.18)
χk(λ)|x→+∞ =
(
1 0
0 λ−λ¯kλ−λk
)
, ΨN |x→+∞ = eiP/2
(
eiZ(λ) 0
0 e−iZ(λ)A(λ)
)
, (4.19)
χk(λ)|x→−∞ =
(
λ−λ¯k
λ−λk 0
0 1
)
, ΨN |x→−∞ = eiP/2
(
eiZ(λ)A(λ) 0
0 e−iZ(λ)
)
(4.20)
and using
PN =
[ΨN−1(λ¯N )]†ee†ΨN−1(λ¯N )
e†[ΨN−1(λ¯N )]†ΨN−1(λ¯N )e
, e = (1, 1) (4.21)
we find the projector
PN+1|x→+∞ = 1
e−u + eu|Π|2
(
e−u ei(v−t−qx)Π
e−i(v−t−qx)Π¯ eu|Π|2
)
|x→+∞, Π ≡
N∏
k=1
λN+1 − λ¯k
λN+1 − λk (4.22)
PN+1|x→−∞ = 1
e−u|Π|2 + eu
(
e−u|Π|2 ei(v−t−qx)Π¯
e−i(v−t−qx)Π eu
)
|x→−∞. (4.23)
Taking u → ±∞ we arrive at the asymptotic behaviour (4.16) as required. However in the plane wave
limit we have λ¯N+1 = λN+1 = q + r + O(1/h). Therefore by definition u ≡ 0 and Π¯ = 1/Π giving the
projector
PN+1|x→+∞ ∼ 1
2
(
1 ei(v−t−qx)Π
e−i(v−t−qx)Π¯ 1
)
, (4.24)
PN+1|x→−∞ ∼ 1
2
(
1 ei(v−t−qx)Π¯
e−i(v−t−qx)Π 1
)
. (4.25)
Finally the N -soliton solution as obtained from (4.20) takes the form
gN |x→+∞ =
(
ei(t+P/2) 0
0 e−i(t+P/2)
)
, gN |x→−∞ =
(
ei(t−P/2) 0
0 e−i(t−P/2)
)
(4.26)
giving
δg|x→±∞ ∼ −i sin p
2
(
0 e±iP/2ei(v−qx)Π±1
e∓iP/2e−i(v−qx)Π∓1 0
)
(4.27)
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or in terms of the coordinates
δZ1|x→±∞ = 0, δZ2|x→±∞ = −i sin p
2
e±iP/2ei(v−qx)Π±1 (4.28)
δZ¯1|x→±∞ = 0, δZ¯2|x→±∞ = i sin p
2
e∓iP/2e−i(v−qx)Π∓1. (4.29)
Note that v − qx = ωt − kx such that these are plane wave solutions of frequency ω and momentum k
given by (4.8). For the conjugate fields we have ω → −ω and k → −k corresponding to wl → 1/w−l. We
read off the phase shifts
δZ1 = 0 (4.30)
δZ2 ≡ i ln δZ2|x→+∞ − i ln δZ2|x→−∞ = −P + 2i ln Π = −P − 2i
N∑
k=1
ln
w− −X+− k
w− −X−− k
(4.31)
δZ¯1 = 0 (4.32)
δZ¯2 = P − 2i ln Π = P + 2i
N∑
k=1
ln
1
w+
−X+− k
1
w+
−X−− k
(4.33)
where we used (2.22) to write these expressions in terms of the spectral parameters X±± k with the lower
sign denoting left or right movers. Finally we can obtain phase shifts for any combination of left and right
moving plane waves and dyonic giant magnons using the transformations (4.9), (4.10).
4.2 Phase shifts for fermionic fluctuations
The fermionic phase shifts can be directly extracted from the fermionic solution of a single giant magnon
given in [41]. However instead we will follow here the same route as in [24] and consider the dyonic giant
magnon in terms of finite-gap solutions. Using the fact that the dyonic giant magnon only lives on the
sphere part of AdS3 × S3 will be sufficient to determine the fermionic phase shifts without knowing the
precise form of the finite-gap equations. The consistency of the resulting finite-gap picture also serves as
an additional check for the mixed-flux dyonic giant magnon results in [29].
The equations of motion for strings on AdS3 × S3 correspond to the flatness condition of a current j
with an associated monodromy matrix Ω ∼ P exp (∮ j). Its analytic properties give rise to the finite-gap
equations for classical solutions with periodic boundary conditions.
In our case the monodromy matrix is an element of the supergroup SU ′(1, 1|2) and its eigenvalues have
the form
(eip
A
1 (X), eip
A
2 (X)|eipS1 (X), eipS2 (X)), p1(X) = −p2(X) (4.34)
where the quasi-momenta pi(X) are complex functions of the spectral parameter X and the label A,S
distinguishes between the AdS3 and S
3 matrix blocks. These quasi-momenta have poles and branch cuts
and thus can be written as
pi(X) = Gi(X) + fi(X) (4.35)
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where f(X) contains the poles and the resolvent G(X) contains the branch cuts with the discontinuity
relation across each cut
pi(X + iǫ) + pj(X − iǫ) = 2πnij , nij ∈ Z. (4.36)
The resolvents characterise the different classical solutions and since we are only interested in solutions
with non-trivial motion on the sphere the quasi-momenta take the form
pA1 (X) = −pA2 (X) = f(X), pSi (X) = −pS2 (X) = f(X) +G(X) (4.37)
In this formalism the phase shifts are encoded by introducing a micoscopic probe cut corresponding to
small fluctuations. The associated discontinuity condition then becomes the quantisation condition of the
associated plane wave momentum k for a string solution of finite length L
2πnij = pi(X(k) + iǫ) + pj(X(k) − iǫ) = −δ(k) − kL. (4.38)
Each fluctuation corresponds to a connection of two particular sheets (p
{S,A}
i , p
{S,A}
j ) and their exact re-
lation was determined in [42].
In the plane wave limit the spectral parameter expands as X ∼ w ≡ rκ and thus we have for l = −1
pA−1(w−)− pS−2(w−) = 2G−(w−) + 2f−(w−) = −δZ2(w−)− k(w−)L (4.39)
pA−1(w−)− pA−2(w−) = 2f−(w−) = −δY2(w−)− k(w−)L (4.40)
Since the phase shifts δY2 vanish in the AdS part we can identify the form of f−(x) as
f−(x) = − L
2κ
2x
(x+ s)(x− s−1) . (4.41)
Furthermore we can read off the resolvent for the dyonic giant magnon from the bosonic phase shifts as
G−(x) = Gmag(x)− 1
2
Gmag(0), Gmag(x) = i ln
x−X+
x−X− , Gmag(0) = p. (4.42)
where p is the magnon world-sheet momentum. For l = 1 excitations we use (4.10) to get
pS+1(w+)− pS+2(w+) = 2G+(w+) + 2f+(w+) = −δZ2
( 1
w+
)
− k
( 1
w+
)
L (4.43)
pA+1(w+)− pA+2(w+) = 2f+(w+) = −δY2
( 1
w+
)
− k
( 1
w+
)
L (4.44)
and therefore
f+(x) =
L
2κ
2x
(x− s)(x+ s−1) , G+(x) = Gmag
(1
x
)
− 1
2
Gmag(0). (4.45)
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We see that the resolvent has the same form as in the q = 0 case. Also these results for f±(x) and G±(x)
match (C.1) in [29] up to factors of Gmag(0) which depend on the choice of boundary conditions for the
dyonic giant magnon. In our case we have Z1 ∼ eit±ip/2 as x→ ±∞ corresponding to −12Gmag(0) in both
G+(x) and G−(x).
Finally for the fermionic fluctuations we have for plane waves of l = −1 type
pS−1(w−)− pA−2(w−) = G−(w−) + 2f−(w−) = −δη(w−)− k(w−)L (4.46)
pS−2(w−)− pA−1(w−) = G−(w−) + 2f−(w−) = −δθ(w−)− k(w−)L. (4.47)
The equations for plane waves of type l = 1 are then obtained using (4.10) and using the same arguments
for conjugate fields we find altogether
δη(k) = δθ(k) =
1
2
δZ2(k), δη¯(k) = δθ¯(k) =
1
2
δZ¯2(k). (4.48)
4.3 Corrections to the dispersion relation and the dressing phase
We can now evaluate the 1-loop corrections (1.12) and (1.13) using the phase shifts δI for a plane wave
scattering off a single dyonic giant magnon explicitly given by
AdS3 : δYk = δY¯k = 0 (4.49)
S3 : δZ1 = δZ¯1 = 0, δZ2,l(k,X) = −2G(wl(k)−l,X), δZ¯2,l(k,X) = 2G(w−l(k)l,X) (4.50)
fermionic : δθ,l(k,X) = δη,l(k,X) = −G(wl(k)−l,X) (4.51)
: δθ¯,l(k,X) = δη¯,l(k,X) = G(w−l(k)
l,X) (4.52)
G(w,X) = i
(
− 1
2
ln
X+
X−
+ ln
w −X+
w −X−
)
. (4.53)
where the lower label l specifies whether the phase shift is for a left or right moving plane wave of spectral
parameter wl(k) given by (4.8) (for example δZ¯2,−(k,X) = 2G(1/w+(k),X)). Here X is the spectral
parameter a dyonic giant magnon with lX = −1 and we obtain the phase shift for lX = 1 using (4.9).
We immediately see that the 1-loop energy shift vanishes
∆E =
1
2π
∫ ∞
−∞
dk ω(k)
∂
∂k
(
[δZ2 − δθ − δη] + [δZ¯2 − δθ¯ − δη¯ ]
)
= 0. (4.54)
For the 1-loop phase correction (1.13)
∆Θ(p1, p2) =
1
2π
NF∑
I=1
(−1)FI
∫ ∞
−∞
dk
∂δI(k; p1)
∂k
δI(k; p2) (4.55)
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we have the choice of evaluating the integral for a left or right moving plane wave. Both choices are
equivalent since
∫ s
−s−1
dw+
∂G( 1w+ ;X)
∂w+
G
( 1
w+
;Y
)
=
∫ s−1
−s
dw−
∂G(w−;X)
∂w−
G
(
w−;Y
)
. (4.56)
This also implies that the integrals for conjugate and non-conjugate fields are in fact the same. Let us
also rewrite (1.13) in a manifestly antisymmetric form as we expect from unitarity. Dropping a total
derivative and noticing that under (4.9)
G(wl,X)→ −G(1/wl,X) (4.57)
we can write the 1-loop phase correction for same-type excitations l1 = l2 = l as
∆Θll(p1, p2) =
1
π
∫ sl
−s−l
dw
(∂G(w,X)
∂w
G(w, Y )− (X ↔ Y )
)
, (4.58)
∂G(w,X)
∂w
=
i
w −X+ −
i
w −X− , s =
√
1 + q√
1− q . (4.59)
We can further split this integral and perform the integration explicitly to give
∆Θll(p1, p2) = χl(X
+, Y +)− χl(X+, Y −)− χl(X−, Y +) + χl(X−, Y −) (4.60)
where
χl(X,Y ) = − 1
π
∫ sl
−s−l
du
u−X
(
− 1
2
lnY + ln(u− Y )
)
− (X ↔ Y ), (4.61)
= − 1
π
[Il(X,Y )− Il(Y,X)] (4.62)
Il(X,Y ) = ln
( X − sl
X + s−l
)[
ln(X − Y )− 1
2
lnY
]
− Li2
(X − sl
X − Y
)
+ Li2
(X + s−l
X − Y
)
. (4.63)
For the case of mixed excitations, i.e. l1 = −l2 = l, we can use (4.9) directly on the integral (4.63).
However in order to make manifest its antisymmetry under X ↔ Y , l1 ↔ l2 let us write the integral
(4.55) as
∆Θ¯l1l2(p1, p2) = −
1
π
∫ sl1
−s−l1
dw
(∂G(w,X)
∂w
G
( 1
w
, Y
)
− (X ↔ Y, l1 ↔ l2)
)
(4.64)
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giving
∆Θ¯l1l2(p1, p2) = χ¯l(X
+, Y +)− χ¯l(X+, Y −)− χ¯l(X−, Y +) + χ¯l(X−, Y −) (4.65)
χ¯l(X,Y ) = − 1
π
(I¯l(X,Y )− I¯l(Y,X)) (4.66)
I¯l(X,Y ) = −1
2
lnY ln
X − sl
X + s−l
+ ln(X − sl) ln(Y − s−l)− ln(X + s−l) ln(Y + sl) (4.67)
+ ln
(
s−2l
X − sl
X + s−l
)
ln(1−XY )− Li2
(
s−l
Y + sl
1−XY
)
+ Li2
(
− sl Y − s
−l
1−XY
)
. (4.68)
These 1-loop corrections to the bound-state S-matrix come directly from the elementary dressing phases.
This is because the bound-state S-matrix does not receive contributions from the BDS factor (or its mixed
excitation scattering equivalent) as was pointed out in [24]. In order to find the elementary dressing phases
we notice that we can use the same arguments as in the tree-level case in section 3.1 since the bound-state
1-loop corrections are of the form (3.44). Thus the elementary 1-loop dressing phases are given by the
above expressions but with the dyonic giant magnon spectral parameters X, Y replaced by the elementary
magnon spectral parameters x, y.
As a consistency check let us take the semiclassical limit h → ∞ with hp fixed such that the short-
ening conditions (3.8) are solved by
x±l = xl ±
i
2
αl(xl) +O
(1
h
)
, αl(x) =
2x2
hκ(x− sl)(x+ s−l) , (4.69)
ml = 1 + qlk, xl ≡
ml +
√
m2l + κ
2k2
κk
. (4.70)
We obtain
∆Θll = 2θ1ll(x, y) = −αl(x)αl(y)
2π
[1
κ
(x+ y)(1 − 1xy )− 4qlκ
(x− sl)(x+ s−l)(y − sl)(y + s−l)
x+ y
x− y
+
2
(x− y)2 ln
(y − sl
x− sl
x+ s−l
y + s−l
)]
(4.71)
∆Θ¯l1l2(p1, p2) = 2θ¯l1l2(x, y) = −
αl1(x)αl2(y)
2π
[ 1
κ
(x− y)(1 + 1xy )− 4ql1κ
(x− sl1)(x+ s−l1)(y + s−l2)(y − sl2)
1 + xy
1− xy
+
2
(1− xy)2 ln
(y − sl2
x− sl1
x+ s−l1
y + s−l2
sl1−l2
)]
. (4.72)
which matches the 1-loop dressing phase predictions in [29, 30].
5 Concluding remarks
We have presented a semiclassical derivation of the tree-level and 1-loop dressing phases in the massive
sector of string theory on AdS3 × S3 × T 4 with R-R and NS-NS 3-form fluxes. In both cases we have
found agreement with the proposals from finite-gap equations and algebraic curve quantisation in [29]
23
and unitarity cut methods in [30].
For the 1-loop phase we have seen that the the semiclassical scattering data for bosonic fluctuations,
given in terms of phase shifts experienced by plane waves scattering off dyonic giant magnons, is sufficient
to determine the fermionic scattering data and the resolvent for the mixed-flux dyonic giant magnon
which agrees with the suggested resolvent in [29].
It would be interesting to extend these semiclassical methods to the massless sector if possible. The
dispersion relation for massless modes has been found recently using off-shell symmetry algebra consid-
erations in [20]. Although a 2-loop near-flat space check, performed in [43], supports the exact form of
the massive dispersion relation (1.4) it disagrees in the massless case. Therefore an important question
is whether we can provide a further check by identifying the analogue of the giant magnon for massless
modes. There are two approaches we can take:
(i) One should be able to choose an ansatz living on the appropriate subspace of AdS3×S3×T 4 which
gives the dispersion relation we expect. However this might be the giant magnon itself which does not
move on T 4 where the massless modes arise. This leads to the question why the giant magnon on R×S2
cannot be interpreted as the giant magnon in the massless sector.
(ii) One might extend the mixed-flux dressing method used in this paper to include motion on T 4.
In order to interpret the resulting solution as the giant magnon for massless modes we would expect
non-trivial motion on the torus. This would allow us to construct scattering solutions and address the
question of the semiclassical and 1-loop dressing phases in the massless and mixed mass sectors.
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A Time-delay from the complex sine-Gordon model
The CsG soliton anti-soliton scattering solution for q = 0 can be obtained from the single soliton solution
by applying Bäcklund transformations and is given by (see e.g. [44])
ψ2s =
eiγ(δ2v
∗
1 − δ1v∗2)(δ1u1 − δ2u2)− e−iγ(δ2v2 − δ1v1)(δ1u2 − δ2u1)
δ21 − (u2u∗1 + u∗2u1 + v2v∗1 + v∗2v2)δ1δ2 + δ22
(A.1)
where
uk =
Nk cos ρk exp(i sin(ρk)Tk)
cosh(cos(ρk)Xk) , vk = −e
iγ
(
cos(ρk) tanh(cos(ρk)Xk) + i sin ρk
)
(A.2)
δk = exp(−θk), Nk = eiφk = const (A.3)
Xk = cosh(θk)x− sinh(θk)t, Tk = cosh(θk)t− sinh(θk)x. (A.4)
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Note that γ drops out of the full scattering solution ψ2s. Considering the form of a single soliton solution
for q 6= 0 in [31] we can generalise ψ2s to q 6= 0 by performing the replacement
Xk → X˜k = Xk + qTk, (A.5)
Tk → T˜k = Tk + qXk. (A.6)
One can easily check that this new solution satisfies the q 6= 0 CsG equation of motion
ψ¨ − ψ′′ + ψ∗ ψ˙
2 − ψ´2
1− |ψ|2 + (1− q
2)ψ(1 − |ψ|2) = 0. (A.7)
Even though the q 6= 0 CsG model differs from the q = 0 model only by a mass rescaling, the q 6= 0 soli-
ton solution, which corresponds to the giant magnon, is not obtained through the simple mass rescaling
(X ,T )→
√
1− q2(X ,T ) but rather through a mixing of X and T .4
The energy of this soliton is
E =
∫
dxH =
∫ +∞
−∞
dx
( |ψ˙|2 + |ψ´|2
1− |ψ|2 + (1− q
2)|ψ|2
)
=
∑
i
4(cosh θi − q sinh θi) cos ρi (A.8)
and we shall consider the COM frame where
∑
i
Eivsi =
∑
i
(sinh θi − q cosh θi) cos ρi = 0. (A.9)
Taking the limit t→∞ with x = vs1t the free solitons shifted by t→ t− δt+ become
u1 = e
i(v1+δt+ sin ρ1(cosh θ1−q sinh θ1)) cos ρ1 sech
[
δt+ cos ρ1(sinh θ1 − q cosh θ1)
]
, u2 = 0. (A.10)
whereas the scattering soliton solution asymptotes to
|ψ2s|2 = cos2 ρ1 1− cos(2ρ1)− cos(2ρ2) + cosh(2(θ1 − θ2))− 4 cosh(θ1 − θ2) sin ρ1 sin ρ2
2(cosh(θ1 − θ2)− sin ρ1 sin ρ2)2 . (A.11)
Comparing these expression we obtain the expected result for the time-delay
∆T =
1
(sinh θ1 − q cosh θ1) cos ρ1
∣∣∣ ln cosh(θ1 − θ2)− cos(ρ1 − ρ2)
cosh(θ1 − θ2) + cos(ρ1 + ρ2)
∣∣∣. (A.12)
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